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For a planar point set we consider the graph whose vertices are the crossing-free straight-
line spanning trees of the point set, and two such spanning trees are adjacent if their union
is crossing-free. An upper bound on the diameter of this graph implies an upper bound on
the diameter of the ﬂip graph of pseudo-triangulations of the underlying point set.
We prove a lower bound of Ω(logn/ log logn) for the diameter of the transformation graph
of spanning trees on a set of n points in the plane. This nearly matches the known upper
bound of O (logn). If we measure the diameter in terms of the number of convex layers
k of the point set, our lower bound construction is tight, i.e., the diameter is in Ω(logk)
which matches the known upper bound of O (logk). So far only constant lower bounds
were known.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Given a set P of n points in the plane let T P denote the set of all crossing-free straight-line spanning trees of P .
A straight-line embedded graph is crossing-free if every pair of its edges does not share any point other than common
endpoints. We call two crossing-free spanning trees T1 and T2 of P compatible if their union, i.e., the graph on P with edge
set E(T1) ∪ E(T2), is crossing-free.
A tree graph is a directed graph that has T P as its vertex set and two vertices (trees) T1, T2 are connected by an arc from
T1 to T2 if the tree T2 may be obtained from T1 by some predeﬁned transformation rule. Avis and Fukuda [5] consider the
tree graph where two trees are adjacent if they differ in exactly one edge, i.e., a so called edge move. They show that this
graph is connected and has diameter at most 2n − 4. As far as the order of T P is concerned García et al. [6] prove that
the number of crossing-free spanning trees is minimized in convex position, i.e., when all points of P lie on the boundary
of the convex hull. For this special case Hernando et al. [7] show that the corresponding tree graph with edge moves is
Hamiltonian and has maximum connectivity, i.e., its connectivity is equal to the minimum vertex degree. They also give a
lower bound of 3n/2− 5 for the diameter.
Aichholzer et al. [2] consider the tree graph where the predeﬁned rule maps a given tree T in T P to the tree of minimum
Euclidean length which is compatible to T . They show that this tree graph is a rooted tree with the Euclidean minimum
spanning tree of P being the root. Furthermore, any tree has distance at most O (logn) from the root. Another transformation
rule they consider is an operation called edge slide, which is an edge move such that one endpoint of the moved edge stays
ﬁxed and the other one is moved along an adjacent edge in the tree. They show that the tree graph corresponding to this
✩ The main theorem was obtained during the 4th Gremo Workshop on Open Problems (GWOP) held in Wislikofen, Switzerland, 2006.
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means of local and constant-size changes only. Recently, Aichholzer and Reinhardt [4] gave an upper bound of O (n2) for the
edge slide distance between any two trees in T P .
In this paper we are interested in the tree graph TP with T P as vertex set and edges between compatible spanning trees.
Note that by the symmetry of the deﬁnition of compatible we will assume the tree graph to be undirected. Aichholzer et
al. [1] reﬁne the upper bound of O (logn) given in [2] on the diameter of TP to a bound of O (logk), where k denotes the
number of convex layers of P . The convex layers of a point set P are deﬁned inductively: the ﬁrst convex layer U1 consists
of the boundary points of the convex hull of P , and for i > 1 the ith convex layer Ui is deﬁned as the set of boundary
points of the convex hull of P \⋃ j<i U j . The number k of convex layers is the minimum i such that Ui+1 = ∅.
A pseudo-triangle is a planar polygon with exactly three convex vertices. A pseudo-triangulation of a given point set P is
a partition of the convex hull of P into pseudo-triangles on P . The ﬂip graph of pseudo-triangulations of P is deﬁned as the
graph whose vertices are the pseudo-triangulations of P with edges between pseudo-triangulations that differ in exactly
one edge (either by replacement or by removal). Aichholzer et al. [1] prove that an upper bound of d on the diameter of TP
yields an upper bound of O (nd) on the diameter of the ﬂip graph of pseudo-triangulations of P .
Another related problem, that of transforming compatible perfect matchings, was very recently treated in [3]. The notion
of compatible perfect matchings is deﬁned analogously as for spanning trees. There it is shown that a sequence of length
O (logn) suﬃces to transform any perfect matching into another perfect matching on a given set of n = 2m points. This
improves the previously best-known linear upper bound of n−2 by Houle et al. [9], who also showed that the corresponding
transformation graph is connected. Recently, Razen [10] proved a corresponding lower bound of Ω(logn/ log logn) with
methods similar to the ones used in this paper. The transformation graph for the special case of convex position, and with
two perfect matchings being adjacent if they differ in exactly two edges, is known to be bipartite and of diameter n − 2,
which is a result due to Hernando et al. [8]. Moreover, they show that this transformation graph is Hamiltonian if m is even,
and the graph does not contain a Hamiltonian path for m odd.
The authors of [1] conjecture that the diameter of TP is sublogarithmic. So far no example was known where the
diameter is not constant. We give a sublogarithmic but considerably tighter lower bound by complementing the O (logn)
upper bound with a lower bound of Ω(logn/ log logn). We do this constructively by providing point sets of increasing size,
and on each point set we specify two spanning trees achieving this bound. For these examples the bound in the number of
convex layers is tight, i.e., the distance between the two trees is in Ω(logk), where k is the number of convex layers of the
underlying point set.
2. The lower bound
In this section we construct point sets in the plane and consider pairs of spanning trees which need a large number of
transformation steps to transform one tree into the other.
We will ﬁrst develop a general scheme to construct such trees. Based on this we present two recursive constructions
using the scheme in different ways. The ﬁrst construction yields a lower bound of Ω(
√
logn) for the number of transfor-
mations, where n is the size of the underlying point set. The second gives a lower bound of Ω(logn/ log logn). For the sake
of simplicity of the description we use point sets with more than two points on a line, i.e., the points are not in general
position. However, they can easily be changed to do so by applying a small perturbation without losing any of the relevant
properties of the construction. We comment on these perturbations later on.
The key idea of both constructions is to place the topmost vertex of the point set very far away from the others. This
way we consider a ﬁrst tree with many near horizontal edges and a second tree with only near vertical edges crossing a
lot of the horizontal edges of the ﬁrst tree. Furthermore, there are dependencies between the horizontal edges. During the
transformation a vertex incident to a horizontal edge may connect to the topmost vertex by a vertical edge only if certain
horizontal edges are no longer in the tree.
We illustrate this by the example in Fig. 1 with P = {a,b, . . . ,h} being the underlying point set. The ﬁrst tree T1
(Fig. 1(a)) consists of mostly near horizontal edges, whereas the second tree T2 (Fig. 1(b)) has only near vertical edges.
The points b, c, d, e, and f deﬁne two vertical strips containing all points of P . In each such strip there is a point at the
bottom (g and h, respectively) which needs to connect to the topmost point a through the corresponding strip (Fig. 1(c)). At
the beginning of a transformation the edges {b, c} and {e, f } block both strips completely, i.e., both the bottommost points
(a) T1 (b) T2 (c) Two vertical strips (d) One vertical
deﬁned by b, c,d, e, f strip is blocked
Fig. 1. The trees T1 and T2 have distance 3 in TP .
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be adjacent to at least one of b, c, e, or f (for instance, we obtain the tree in Fig. 1(d)). Thus, after one transformation the
edge {a, g} or {a,h} still crosses an edge of the current tree and cannot be present in the next transformation. Hence, three
transformations are necessary (and also suﬃce) to transform T1 to T2, and the diameter of TP is at least 3.
2.1. Blocking vertical strips
Before turning to the general constructions of the point sets, we further develop the concept of blocking vertical strips.
A vertical strip R is a subset of R2 such that there exist a,b ∈ R with
R = {(x, y) ∈ R2 ∣∣ a x b}=: [a,b] ×R;
the width of the vertical strip R is b − a. An edge blocks a vertical strip if the endpoints of the edge lie on different sides or
possibly on the boundary of the strip. In our example from Fig. 1(a) we assume in the following a coordinate system with
the point b at coordinates (0,3), c at (1,3), d at (1/2,2), e at (0,1), and f at (1,1). Then the edges {b, c} and {e, f } of the
tree T1 both block the vertical strip [0,1] ×R and the edge {d, c} blocks the vertical strip [1/2,1] ×R.
A point set S together with a set E of straight-line edges on S blocks a vertical strip of width w > 0 after k steps, if for any
point set P containing S (but no further point inside the convex hull of S) the following holds: if a spanning tree T ∈ T P
contains the edges E then in any spanning tree in the k-neighborhood of T in TP some vertical strip of width at least w is
blocked (not necessarily by an edge in E). For instance, in the tree T1 in Fig. 1(a) the points b, c,d, e, and f together with
the edges {b, c} and {e, f } block a vertical strip of width 1/2 after 1 step, since either the strip [0,1/2] × R is blocked by
{b,d} or {e,d}, or the strip [1/2,1] ×R is blocked by {d, c} or {d, f }.
Note that this concept now implies the following. Assume that we have a point set P with the topmost point p0 ∈ P
placed very far away from the rest, and S ⊂ P with edges E on S blocks some vertical strip R after k steps. Let T1 ∈ T P be
a tree containing the edges E and let T2 ∈ T P be the tree where p0 connects to every other point in P by a near vertical
edge. If there is a point in P ∩ R lying strictly below the edge responsible for blocking R after k steps then T2 cannot be in
the (k + 1)-neighborhood of T1 in TP . Thus, the diameter of TP is at least k + 2.
The point sets we are about to construct reside in the strip [0,1] × R, and therein we consider speciﬁc vertical strips
that might be blocked. We call a point set S together with a set E of edges an -of-m-blocker after k steps if S blocks at least
 of the m vertical strips [(i − 1)/m, i/m] × R (for i = 1, . . . ,m) after k steps. Note that for different trees containing E we
do not require the same strips to be blocked in their respective k-neighborhood. We call /m the density of the blocker. In
the example of T1 in Fig. 1(a) the points b, c,d, e, f together with the edges {b, c}, {e, f } are a 1-of-2-blocker after 1 step.
We will in the following refer to the point set of this particular blocker as A.
By stacking enough copies of a given blocker and spreading further points in-between we can construct new blockers
with an increased number of steps.
We will present two ways of using this principle. First we build blockers of small density ( 1/2), i.e., for d  1 we
obtain a 1-of-2d-blocker after d steps. In the second construction we build blockers of large density ( 1/2), i.e., for d  2
and 1 k d/2	 we end up with a (d − 1)k-of-dk-blocker after k steps.
The advantage of the ﬁrst construction is that the blocker only requires an exponential number of vertical strips.
However, the number of previously constructed blockers needed for the transition from k to k + 1 steps will also grow
exponentially in k. This yields a blocker after d steps with O (2d
2
) rows, and for the corresponding point set P containing
this blocker we have d ∈ Ω(√logn), where n = |P |.
In the second construction we will only use a constant number of previously constructed blockers. For this construction
to work, we spread in more points horizontally in each step. This will result in the number of rows being only exponential
in the number of steps with the trade-off of having a slightly super-exponential number of vertical strips. The construction
gives a point set P such that the diameter of TP is in Ω(logn/ log logn).
2.2. Construction 1
We begin by extending the previous example of the 1-of-2-blocker after 1 step.
Consider the construction given in Fig. 2(a). It contains three copies of the 1-of-2-blocker after 1 step, i.e., the point set
A together with the corresponding horizontal edges, and between two adjacent blockers there is a copy of an additional
point set L. Note that L subdivides each of two strips of width 1/2 into four smaller strips resulting in a total of eight
vertical strips. Each copy of A blocks one vertical strip of width 1/2 after 1 step. Since there are three copies of A by the
pigeon-hole principle one strip is blocked twice (in the example of Fig. 2(b), the right vertical strip). No matter how the
points of L between these blocking edges are connected to the rest of the tree at least three of the four corresponding
vertical strips of width 1/8 are blocked. This can only change after the edges blocking the strip of width 1/2 are removed.
For that to happen at least one more step is required, thus the construction is a 3-of-8-blocker after 2 steps. As described
before, choosing a point set P and a tree on P containing the blocker from Fig. 2(a) results in the diameter of TP being at
least 4.
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additional points between the blockers
(b) Blocking edges (drawn as solid
lines) after 1 step
Fig. 2. Construction of a 3-of-8-blocker after 2 steps.
Fig. 3. Point sets A1 and A2 used in the recursive construction.
Lemma 1. Let S be an -of-m-blocker after k steps of density /m > 1/u, for some u ∈ N. By stacking u many copies of S on top of
each other and placing additional points between each pair of adjacent copies that equidistantly subdivide each of the m vertical strips
into m′ smaller strips we obtain an (m′ − 1)-of-(m ·m′)-blocker after k + 1 steps.
Proof. After k steps the u copies of S block within the m vertical strips  · u >m times, thus at least one of the m strips
is blocked twice. The points in this vertical strip blocked from above and below subdivide this strip into m′ smaller strips,
hence in order to connect these points to the rest at least m′ −1 of the small strips are blocked. This changes at the earliest
after k + 1 steps, thus the construction is an (m′ − 1)-of-(m ·m′)-blocker after k + 1 steps. 
Lemma 1 readily implies that the diameter of TP cannot be bounded by a constant for arbitrary point sets P in the
plane. To be more speciﬁc, given d ∈ N, we will in the following construct a point set P together with two trees T1, T2 ∈ T P
such that at least d steps are needed to transform one of the trees into the other, and the size of P is in O (2d
2
), i.e.,
d ∈ Ω(√logn), where n = |P |.
All points of P lie in the inﬁnite strip [0,1] ×R. A special point p0 ∈ P has a larger y-coordinate than all other points,
and will be chosen such that the slope of any line through p0 and another point in P is larger than the slopes of all
non-vertical lines through two points in P \ {p0}.
Let L0 be deﬁned as L0 := {(0,0), (1,0)} and Lk for k ∈ N as
Lk :=
{(
2i − 1
2k
,0
) ∣∣∣ i = 1, . . . ,2k−1
}
.
Thus,
⋃
0k′k Lk′ contains 2
k + 1 points and subdivides the line segment from (0,0) to (1,0) into 2k equal parts. The set
Lk+1 places one point in the center of each of these parts.
We deﬁne point sets Ak , k ∈ N, inductively. Let
A1 := L0 ∪ L1 ⊕y 1∪ L0 ⊕y 2,
where R ⊕y i := {(x, y + i) | (x, y) ∈ R} is a vertical shift of the point set R ⊂ R2 by i ∈ N. Note that A1 (see Fig. 3)
corresponds to the point set A which we already encountered in previous examples.
For k ∈ N, let Ak+1 be deﬁned by stacking 2k + 1 copies of Ak with a copy of Lk+1 between each pair of adjacent copies
of Ak . Formally,
Ak+1 :=
2k⋃
i=0
Ak ⊕y
(
i · (hk + 1)
)∪
2k−1⋃
i=0
Lk+1 ⊕y
(
i · (hk + 1) + hk
)
,
where hk := 2 ·∏k−1 (2i + 1) − 1.i=0
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(0, y), (1, y), for some y ∈ N, is a 1-of-2k-blocker after k steps.
Given d ∈ N, deﬁne P := Ld+1 ∪ Ad ⊕y 1 ∪ {p0} with p0 chosen as described above. Let T1 be a tree on P that contains
all (exactly) horizontal edges blocking the complete vertical strip [0,1] × R and add further edges such that T1 becomes
a crossing-free straight-line spanning tree. Deﬁne T2 to be the star connecting p0 to every other point by an edge. We
already know that Ad together with the corresponding horizontal edges is a 1-of-2d-blocker after d steps. Thus, when
transforming T1 into T2 there will be one of the points in Ld+1 blocked away from p0 after d steps. Therefore, at least d+2
transformations are needed.
The cardinality sd of the point set Ad is given by s1 = 5 and the recursion sk+1 = (2k + 1)sk + 2k · 2k . Thus, we have
sk+1  22ksk + 22ksk = 22k+1sk and by induction sd  5 · 2d2 . The size of P is 2d + sd + 1, hence d ∈ Ω(
√
log(|P |)).
Next we consider the number of convex layers. The ﬁrst layer of P consists of the topmost point, the points of the
bottom row, the points in the left most and the right most column of points. With each additional convex layer two more
rows and two more columns are considered until only one row or one column is left. If m1 is the number of different
x-coordinates used and m2 the number of different y-coordinates used in the construction then we can bound the number
of convex layers from above by
1+ 1
2
min (m1,m2).
The number of different x-coordinates in P is bounded by 2d + 2, therefore d is logarithmic in the number of convex layers.
Note that the number of different y-coordinates is O (2d
2
).
At this point we want to mention that perturbing P slightly does not destroy the blocking property. In order to see this
note that the shortest blocking edge after d steps has length at least 2−d . It is this near horizontal edge that keeps some
point from Ld+1 to connect to p0 in the next transformation step. Now, choose 0 < ε  2−(d+1) and move every point
in P by at most ε such that the point set is in general position. Note that the width of any strip we encounter during a
transformation decreases by at most 2ε which is negligible compared to its original size. Hence, also the perturbed point
set has a blocking edge after d transformation steps. In order for the derived lower bound to hold as well in terms of the
number of convex layers we need that points on a convex layer remain there even after the perturbation.
Proposition 2. For arbitrarily large n there is a set P of n points in general position in the plane for which the diameter of TP is in
Ω(
√
logn). The diameter is also in Ω(logk), where k is the number of convex layers of P .
2.3. Construction 2
The point set Ak from Construction 1 suffered from an exponential growth in the number of copies of previously con-
structed Ak−1, resulting in a super-exponential growth in the number of rows. Note that the recursive construction we
present in the following will only require a constant number of copies of previously constructed point sets.
We construct a point set P ⊂ [0,1] ×R depending on an integer variable d > 1 together with two trees T1, T2 ∈ T P such
that d ∈ Ω(logn/ log logn), where n is the size of P , and the distance of the trees in TP is at least d/2	.
Again, we will deﬁne point sets Lk = Lk(d) and recursively construct blockers Ak = Ak(d) with similar meaning as in
Construction 1, and include a special point p0 in P with a far larger y-coordinate than any other point in P .
However, contrary to the ﬁrst construction where the density of the blockers dropped by a factor of 1/2 in every step,
we will now keep the density above 1/2 as long as possible, hence the dependencies of Lk and Ak on d. This is achieved by
much larger sets Lk such that in each step the number of vertical strips will grow by a factor of d, instead of doubling as in
Construction 1.
Let L0 := {(0,0), (1,0)}, and for k 1 deﬁne
Lk :=
{(
i/dk−1 + j/dk,0) ∣∣ i = 0, . . . ,dk−1 − 1, j = 1, . . . ,d − 1},
i.e.,
⋃
0k′k Lk′ contains d
k + 1 points and subdivides the line segment from (0,0) to (1,0) into dk equal parts.
We deﬁne the point sets Ak inductively. Let
A1 := L0 ∪ L1 ⊕y 1∪ L0 ⊕y 2,
and for k ∈ {1, . . . , d/2	 − 1} and hk := 4 · 3k−1 − 1,
Ak+1 := Ak ∪ Lk+1 ⊕y hk ∪ Ak ⊕y (hk + 1) ∪ Lk+1 ⊕y (2hk + 1) ∪ Ak ⊕y (2hk + 2).
Note that here Ak+1 only uses three copies of the previously constructed Ak . Fig. 4(a) shows the corresponding construction
of A2 for d = 4, together with the horizontal edges needed for the blocking property.
The set A1 and all horizontal edges between points with coordinates (0, y) and (1, y), for some y ∈ N, form a (d−1)-of-
d-blocker after 1 step. Now, Lemma 1 gives that Ak together with the corresponding edges is a (d − 1)-of-dk-blocker after
k steps. However, taking a closer look we can prove something stronger: recall that for the blocker A1 at most one vertical
K. Buchin et al. / Computational Geometry 42 (2009) 724–730 729(a) The blocker A2, for d = 4, consisting of
three 3-of-4-blockers A1 and points from
L2 in-between
(b) Blocking edges (drawn as solid
lines) after 1 step
Fig. 4. Construction of a 9-of-16-blocker after 2 steps.
strip of width 1/d is not blocked after 1 step. Placing three copies of A1 on top of each other implies that after 1 step there
cannot be more than one vertical strip of width 1/d that is not blocked at least twice. Hence, each of the d − 1 vertical
strips of width 1/d that are blocked twice, together with the points from L2 in-between, behave like a (horizontally) scaled
and slightly perturbed blocker A1.
Therefore, A2 together with the horizontal edges is a (d − 1)2-of-d2-blocker after 2 steps (since d  2). Inductively we
ﬁnd that Ak with the corresponding edges is a (d− 1)k-of-dk-blocker after k steps as long as the density (d− 1)k−1/dk−1 of
the blocker Ak−1 is at least 1/2, such that three copies of Ak−1 suﬃce to guarantee the existence of some blocked vertical
strip.
Since d  2 this holds for k  d/2	. Thus, Ad/2	 is a blocker with density at least 1/2 after d/2	 transformations.
With P := Ld/2	+1 ∪ Ad/2	 ⊕y 1 ∪ {p0} and T1, T2 deﬁned as in the ﬁrst construction, the distance of the two trees in
TP is d/2	 + 2. The size s1 of A1 is d + 3 and the size sk+1 of Ak+1 is given by the recursion sk+1 = 3 · sk + 2 · dk(d −
1)  3 · sk + 2 · dk+1. For d  3, by induction we get sk  2kdk . This yields |P |  dd/2	+1 + 2d/2	dd/2	 + 1 and hence
d ∈ Ω(log |P |/ log log |P |).
To express the diameter of TP in terms of the number of convex layers we use the same argument as in Construc-
tion 1 but now count the rows instead of the columns. The number of rows is of order 3d/2	 , thus the diameter again is
logarithmic in the number of convex layers. Note that P has O (dd/2	) columns.
Similarly to Construction 1 we can perturb the points in P by a small ε, with 0 < ε  d−(d/2	+1) , such that P is in
general position and neither the blocking property is destroyed nor the convex layers of P are changed. The width of the
smallest blocked strip of the perturbed Ad/2	−1 will be at least e−1/2 − 2ε  1/2, hence after d/2	 transformation steps
there still is a blocking edge, implying that the distance of the corresponding trees in TP is d/2	 + 2.
Theorem 3. For arbitrarily large n there is a set P of n points in general position in the plane for which the diameter of TP is in
Ω(logn/ log logn). The diameter is also in Ω(logk), with k the number of convex layers of P .
3. Conclusion
We showed the existence of arbitrarily large point sets such that the diameter of the transformation graph of compatible
spanning trees is lower bounded by Ω(logn/ log logn), where n is the cardinality of the point set. This almost matches the
known upper bound of O (logn). In terms of the number of convex layers the lower bound for the diameter matches the
known upper bound of O (logk), where k is the number of convex layers.
We have the feeling that the 1/ log logn factor in the lower bound of Theorem 3 is more likely to be an artifact of our
construction than the truth about the diameter of TP which we think should be in Θ(logn), for a suitable point set.
To construct such a set of points along the lines of our approach it would be necessary to bound both the number of
rows and the number of columns by cd with some constant c, and d the diameter of TP . Note that in Construction 1 we
achieve this bound for the number of rows but not for the number of columns, whereas in Construction 2 we achieve the
bound for the number of columns but not for the number of rows.
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